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Simulation study on kinetic temperatures of vibrated binary granular mixtures

Hong-qiang Wang, Guo-jun Jin, and Yu-qiang Ma*
National Laboratory of Solid State Microstructures, Nanjing University, Nanjing 210093, China

~Received 27 December 2002; published 3 September 2003!

We study the unequal kinetic temperatures in two-dimensional binary granular mixtures heated by vertical
vibrations under gravity by molecular dynamics simulations. By introducing several variable parameters de-
scribing particle and composition properties of mixtures, the coexistence of two different kinetic temperatures
for the two components is exhibited. In dilute situations, our numerical results confirm the overall experimental
measurements by Feitosa and Menon recently@Phys. Rev. Lett.88, 198301~2002!#. For example, the tem-
perature ratio along the vertical direction is constant in the bulk of a system, and is insensitive to external
driving or relative concentration of the two components, but mainly influenced by their masses. However,
outside of the dilute situations, especially as the number density becomes high enough where the spatial and
momentum correlations become salient, the ratio profiles show some different characteristics. Generally, the
plateau shape along the vertical direction is broken, and instead, a saddlelike shape appears. Furthermore, the
physical implications are discussed.
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I. INTRODUCTION

Granular materials are large conglomerations of mac
scopic particles. If they are noncohesive, then particles
move free of interparticle forces except for isolated collisio
where they suffer repulsive forces in contact. After each c
lision a little kinetic energy is dissipated. If we continuous
inject power into such a system to keep particles in moti
dynamics of a granular system will resemble that of flui
wherever the particles move seemingly randomly. Depend
on the energy injection and dissipation rates a nonequ
rium steady state can be obtained. However, due to the
sipative nature of the interactions between particles, gran
media are commonly induced to show correlated collec
behaviors in contrast to classical elastic particle syste
Clustering, surface waves, and convection rolls are some
amples of strong collective correlation behaviors@1#. Even
for a system in a dilute and nearly elastic regime, where
correlation is small, differences from ordinary molecular fl
ids are also obvious, such as the appearance of non-Gau
velocity distributions@2,3#.

Recently, the violation of energy equipartition amo
granular media has attracted particular interest@4–13#. Simi-
lar to elastic gases, the kinetic theory for granular syste
usually defines an average kinetic energy of particles as
granular temperature. In a mixture of two or more kinds
particles, each species will attain a different granular te
perature, depending on the balance of external power in
tion and internal energy dissipation by inelastic collisions
theoretical investigation@4# using the Enskog kinetic theor
to the homogeneous cooling process for a binary mixt
shows that the two species have different temperatu
throughout the cooling process while their cooling rates
equal. This result was verified by detailed Monte Carlo sim
lations using the Boltzmann equation@5#. In fact, the coex-
istence of different temperatures in a binary mixture has b
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studied by analytical works@6,7#, numerical simulations
@8–10#, and experiments@11–13#. Although the mechanisms
of energy feeding in analytical studies and experiments
different, i.e., theoreticians favor a uniform thermal Gauss
bath while in experiments the energy was injected by a
brating wall, the qualitative results are similar. In both cas
systems can all achieve a nonequilibrium steady state w
the temperatures of different species are different, depen
on material properties~mass, sizes, and inelasticity!, compo-
sitional parameters~average number density and numb
fraction of each component!, and driving strengths. Such
temperature difference cannot be attributed to segregatio
insufficient mixture of components in a system, due to
assumptions that particles are spatially homogeneously
tributed in analytical works and violently vibrated in expe
ments and simulations. Even the temperature of a sin
tracer particle in an equilibrium fluid was found to be diffe
ent from the surrounding bath@14#. These findings demon
strate that a long preserved assumption in previous theo
cal development@15,16# of the kinetic theory for binary
mixtures~i.e., a single temperature is used to characteriz
system! is not justified, and suggest a challenge for the u
derstanding of granular mixtures.

The aim of this paper is to explore the breakdown
energy equipartition in strongly vibrated two-dimensional
nary granular systems over broader parameter selec
ranges by molecular dynamics simulations. The advant
for the present study is that by molecular dynamics simu
tion, we can provide a macroscopic description by averag
over microscopic details of motions and interactions betw
individual particles, and avoid the assumptions inheren
the kinetic theory or approximations made in solving t
kinetic equations, and difficulties of tuning paramete
widely used in experiments. Therefore, with computer sim
lations we are allowed to tune system parameters suc
particle properties and compositional parameters in a syst
atical manner to gain a more thorough study on the bre
down of energy equipartition in a vibrated granular mixtu
and find some different characteristics.
©2003 The American Physical Society01-1
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II. MODEL AND METHOD

The simulation cell is assumed to be a vertical rectang
container with dimensionsLy3Lz . Its upside and bottom
plates are required to vibrate synchronously. Periodic bou
aries are used to eliminate the side-wall effects, such as
vection @17# and inhomogeneous particle distribution alo
the horizontal direction that may cause cluster format
near side walls@8#. The particles receive energy by collidin
with the two horizontal walls, harmonically vibrated at
frequencyf. The gravitational force acts along the negativz
direction.

The simulated particles are homogeneous and inela
circular disks which are free to rotate around an axis nor
to the y-z plane. These disks can be categorized into t
species by different diametersdi , massesmi , or normal res-
titution coefficientsa i j . All these parameters are variable.
addition, the two compositional parameters are tunable: t
are the number fraction of each species (x), and the average
number densityra , specified in terms of the occupied are
divided by the total area of the container. The collision ru
includes a reduction of the relative normal velocityVn , a
reduction of the relative tangential velocityVr , and an ex-
change of energy between those two degrees of freedom
any two particles@18#. After a particle-particle collision, we
have

Vn852a i j Vn , ~1!

where Vn and Vn8 are the relative radial velocities of tw
particlesi, j before and after a collision. The normal restit
tion coefficientsa i j is not a constant. It depends on the re
tive normal velocity in the form@19#

a i j ~Vn!5H 12~12ei j !~ uVnu/V0!3/4 for Vn,V0,

ei j for Vn.V0 ,
~2!

where the normal elastic coefficientsei j are constants relate
to three types of colliding pairs.V05Agd, whered is the
average diameter of all particles andg the gravitational ac-
celeration. The interaction along the tangential direction
be distinguished into two types, i.e., sliding and sticking.
the condition

uVr u
uVnu

>3m~11a i j ! ~3!

is satisfied, the collision is in the sliding fashion, otherwise
is in the sticking fashion@20#. Herem is the friction coeffi-
cient reflecting the surface roughness of particles, and is
sumed to remain unchanged. Thus, after a collision, the t
angular momentum and translational momentum are c
served while the energy is dissipated through the reduc
of the relative normal velocity and relative tangential velo
ity. Particle-wall collisions obey the same rule while th
mass of walls is taken as infinite. Between two collision
particle moves along a parabolic trajectory due to the gra
tational field.

For the convenience of simulation, we would prescr
some basic parameters. At first, we choosed51.6 mm, m
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55 mg, and the box dimensions areLy596d andLz564d,
respectively. Then driving frequency is varied from 40 Hz
80 Hz, and the amplitudeA is mostly of 2.4d, corresponding
to a maximum accelerationG5A(2p f )2 and a maximum
velocity of the celly05A(2p f ), which are about 99g and
1.9 m/s, respectively. Finally, the friction coefficientm
50.1, while the normal elastic coefficient is chosen to
0.9, representing a moderately strong dissipation.

An efficient hard sphere molecular dynamics simulati
@21#, also known as event driven algorithm, is employed
evolve a system. In all of our simulations the external vib
tion is so strong that the two species of particles are w
mixed locally. All the quantities reported in the followin
have been obtained by averaging the sampling over m
than 105 vibration cycles.

III. DILUTE SITUATIONS

There are quite a few parameters giving influences on
kinetic temperatures of a granular mixture and their rati
We will first present some general profiles of those char
teristic quantities by simulations withN5300 particles of
two species and the number fractionx51/2 to get some gen
eral perception of the present dynamical system. The
kinds of particles have the same properties exceptm15m
andm253m. The cell vibrates sinusoidally at the frequen
60 Hz and the amplitude 2.4d. According to the data analy
sis, the mean free path is of the order 6.2d for species 1 and
4.8d for species 2. Because particles are mostly concentr
in the center of the cell, generally, collisions take place m
frequently than in a uniform distribution system. The typic
particle-particle collision rates are of the orders 150 Hz
species 1 and 120 Hz for species 2, which are quite hig
than the particle-wall collision rates of the orders 12 Hz a
6 Hz, respectively.

The density profiles along the vertical direction are sho
in Fig. 1. It is obvious that the heavier particles have a hig

FIG. 1. Vertical number densityr versus heightz/d. m15m,
m253m, d15d25d, e115e225e1250.9, and particle numbers
N15N25150.
1-2
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SIMULATION STUDY ON KINETIC TEMPERATURES OF . . . PHYSICAL REVIEW E 68, 031301 ~2003!
concentration in the center of the cell, while the lighter on
tend to spread out. However, particles of two species
locally mixed well and there is no apparent cluster format
observed in such a dilute and strongly vibrated state@13#. It
is required that the local density of two species will atta
maximum at roughly the same height near the center of
cell, and in such a well-mixed state particle-particle collisi
frequencies among the same and different components a
the same order. Incidentally, due to the periodic bound
conditions, the density and temperature distributions
verified to be uniform along the horizontal direction ov
long time sampling for both species.

Figure 2 shows the translational and rotational tempe
tures for both species and the temperature ratios along
vertical direction. It can be seen that the two component
a binary mixture do not equilibrate to the same kinetic te
perature, but heavier species retains a higher tempera
Similar to the density profiles, the temperature profiles alo
the horizontal direction are uniform, while in the vertic
direction things become different. Both species tend to c
down as the distance from two moving walls increases, h
ever, their temperature ratio reaches a plateau in the inte
of the cell over a broad region. This fact has been obser
by the previous experiment@13# and simulation@8#, and in-
dicates that although the number density ratio varies with
height, the temperature ratio remains nearly constant in
bulk. It can be further verified below by tuning some para
eters of two species if the number density is in the dil
case. We also notice that the rotational temperature ratio
mains constant over the entire cell, and in the interior of
cell, the two kinds of temperature ratios, i.e., the translatio
temperature ratio of two kinds of particles and the rotatio
temperature ratio of two kinds of particles, will approach t
same value.

Generally, after colliding with a moving wall both kind
of particles gain a velocity}v0 on average, thus the tem

FIG. 2. ~a! Translational temperaturesTt ~left scale! for species
1 (s) and species 2 (n), and their ratiog t (j, right scale! versus
heightz/d. ~b! Rotational temperaturesTr ~left scale! for species 1
(s) and species 2 (n), and their ratiog r (j, right scale! versus
z/d. All the system parameters are the same as those in Fig. 1
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perature ratio of two speciesg5T1 /T2 is proportional to
m1 /m2 near the wall, which implies that the heavier particl
gain higher kinetic energy from this energy injection sour
Bounced off the wall, a particle moves into the interior of t
cell and carries the kinetic energy to the bulk granular g
Due to the higher concentration of particles in the interi
the particle-particle collision rates increase correspondin
The energy exchanges between the same kind and diffe
kind of particles drive their temperatures to approach e
other. However, due to the combination of external ene
injections and dissipative collisions among particles in
present nonequilibrium system, ordinary thermodynamic
guments become useless. Therefore, the zeroth law of t
modynamics is unapplicable, i.e., particles of different s
cies will not relax to the same kinetic temperature, like th
in an equilibrium system.

To make clear the influence of external driving, we p
Fig. 3 to show the temperatures and their ratio profiles av
aging over the entire cell. These results verify that the tra
lational temperatureTt and rotational temperatureTr are
both proportional tov0

2 in the mixture of both species. Her
the driving frequency varies from 50 Hz to 80 Hz, and ma
mum acceleration varies from 39g to 99g. Under these
strong agitations, it is found that although their respect
average temperatures increase withv0

2, the temperature ratio
profiles are independent of the variation of driving frequen
or amplitude. This relation was also observed in the previ
experiment@13#.

From the simulation results obtained, it can be conclud
that a steady state is achieved in dilute granular gases u
strong agitation. Based on the energy exchanges betw
particle-particle and particle-wall by inelastic collisions,
kind of energy balance is established, i.e., the ratio of
kinetic energies for two species remains constant with va
ing external power injection.

We can take into account the influences of particle pr
erties including the normal elastic coefficientei j , particle

FIG. 3. Translational and rotational temperatures~a! and tem-
perature ratios~b! of two species plotted against the square of
bration velocityv0

2. All other parameters are the same as those
Fig. 1.
1-3
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WANG, JIN, AND MA PHYSICAL REVIEW E 68, 031301 ~2003!
massm, and diameterd. We keep the tangential friction co
efficient m as a constant, because the rotational kinetic
ergy is much smaller than the translational one.

The mass difference is an important factor to determ
the temperature difference. We perform several simulati
with two kinds of particles distinguished only by the
masses. The result is plotted in Fig. 4~a!. It is obvious that
the heavier species gains a higher temperature, and the
perature difference increases as the mass difference
creases. On the other hand, for a binary mixture with
same mass but different diameters as shown in Fig. 4~b!, we
found that although the temperature ratio is only sligh
influenced by the size difference in contrast to the mass
ference, the variation trend is rather apparent, i.e., parti
with larger sizes tend to gain a lower temperature. This re
is not difficult to understand. In fact, particles with a larg
diameter have a larger cross section and generally have m
chances to collide with other particles. As we know, af
each collision, part of the particle’s energy will be los
Therefore, the more the collision times, the more the ene
dissipated, and, on average, the larger particles tend t
cooler than smaller ones. But the influence of size differe
on temperature difference is much smaller than that of m
difference. This result is in qualitative agreement with t
theory obtained in a homogeneous binary heated mixture@6#.
We also analyze the influence of the normal elastic coe

FIG. 4. Vertical profiles of the translational temperature ratiosg t

for a binary mixture with different material properties. For this sy
tem there are totally 300 particles with the number fractionx
51/2 for both species andG556g. ~a! Two species with the sam
diameter d, the same normal elastic coefficientse115e225e12

50.9, but different masses,m15m, m252m (j), 3m (m),
5m (.), and 7m (l). ~b! Two species with the same massm, the
same normal elastic coefficiente115e225e1250.9, but different di-
ameters, d25d, d150.5d (j), 0.8d (m), 1.5d (.), and
2d (l), ~c! Two species with the same massm, the same diamete
d, but different normal elastic coefficients,e1150.9, e22

50.7 (j). e2250.8(m), e2250.9 (.), e2250.96 (l), and e12

5(e111e22)/2.
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cient ong by tuning the elastic coefficient of one species.
is apparent to see from Fig. 4~c! that the particles with a
higher elastic coefficient achieve a higher temperature
fact, the elastic coefficient determines the fraction of the to
kinetic energy lost after a collision. Thus the particles with
lower elastic coefficient tend to lose more kinetic energy
average. In addition to test the effects of these material pr
erties separately, another interesting question would be w
is the cross effect of these factors, e.g., what happens if
more massive particles are also more inelastic in a
granular mixture. We have also taken some simulations
investigate this cross effect, and find that the tempera
ratio will depend on the competition between them. The s
sitivity of temperature ratio on mass and elasticity diffe
ences is still marked, and temperatures of two species
approach each other if the more massive particles are
more inelastic. This result agrees well with the simulatio
by Paolottiet al. @8#.

We also test the influence of different number fractions
one componentx for the same total number of particles o
the temperature ratios. For strongly agitated dilute system
is found in our simulations that the temperature ratiog is
insensitive tox when the lighter particles are more elas
than the heavier particles. This fact is also in agreement w
the experiment@13#.

IV. HIGHER DENSITY SITUATIONS

When we change the number density, there is someth
different. In the previous cases, the granular systems ar
dilute and strongly agitated states where the density and
mentum correlations are small, and the collision rate
particle-particle is quite higher than that of particle-wall.
we tune the number density down to the limit of a dilu
case, then the collision rate of particle-wall is comparable
even higher than that of particle-particle, a particle e
changes little energy with other particles between succes
collisions with vibrating walls. It is obvious that the granul
temperature of each component on average would be clos
its kinetic energy obtained from the vibrated wall, and th
the temperature ratio is equal to the mass ratio of two s
cies.

On the other hand, as the number density is increased
collision rate between particles is also increased, which
more frequent than the rate of collision with the two movi
walls. So the kinetic energy of particles is dissipated m
quickly, and then little by little a strong density and mome
tum correlation will be established. In other words, granu
materials will induce a correlated collective motion whic
severely influences the temperature ratio of two species
the following, we will consider these higher density situ
tions.

In order to keep the average height of all particles s
near the center of the cell and avoid global particle segre
tion in the vertical direction when the number density b
comes higher, we increase the normal elastic coefficient
both species toe115e225e1250.96. The two species hav
the same diameterd15d25d, but different massesm1
5m,m253m; external sinusoidal drivingf 560 Hz, G
556g. Figure 5 shows the temperature ratio profiles of tw

-
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SIMULATION STUDY ON KINETIC TEMPERATURES OF . . . PHYSICAL REVIEW E 68, 031301 ~2003!
species with the total number of particles varying from 1
to 1200 but the number fractionx51/2.

We can find that in the most dilute caseN5100, the
temperature profile is still a plateau whileg t is slightly lower
than those of a little denser cases. The collision rates at
density are 86 Hz and 55 Hz for particle-particle, and 20
and 11 Hz for particle-wall of species 1 and species 2,
spectively. When the total number of particles varies fro
300 to 500, the temperature ratio profile remains constan
the interior region of the cell and seems to be insensitive
the average number densityra . As N is further increased, the
ratio plateau is replaced by a saddlelike profile with a d
appearing in the interior; and the rotational temperature p
file behaves similar to the translational one. Such a ne
explored behavior can only arise from correlated collect
motion as will be exposed in detail below.

As has been mentioned above, in the vicinity of a mov
wall, particles gain kinetic energy proportional tomv0

2 on
average. Thus the translational temperature ratio of two s
cies approaches their mass ratio near the wall. Then, as
ticles leave from the wall into the interior, the collision ra
between particles increases correspondingly with increa
local particle number density. The energy is exchanged
tween the same and different kinds of particles, and
granular temperatures of two species approach each othe
are usually not equal. As the distance from the bottom
creases, the particles number density increases, and the
tem continuously cools down. Then a transition from a g
like state to a liquidlike state may appear, corresponding
strong density and momentum correlations of particles.
nally, near the center of the interior both species tend to
trapped together and form a strongly correlated granular
uid. Particles in this liquidlike state tend to move coheren
i.e., heavier particles and lighter particles tend to gain
same velocity. Therefore, the temperature ratio goes d
and approaches the mass ratio again, and a dent appe
the center of the vertical temperature ratio profile. This is
reason why the temperature ratio of two species first

FIG. 5. Translational temperature ratiog t ~a! and rotational tem-
perature ratiog r ~b! in the vertical direction for the total particle
numberN5100 (j), 300 (m), 500 (.), 1000 (n), 1200 (,),
and the number fractionx51/2.
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creases, and then decreases with increasing height. In
present case, it is the dissipative nature of granular collisi
which may induce density and momentum correlations
make the process quite complicated.

To characterize the transition from the gaslike to the l
uidlike states, we show the radial particle-particle correlat
function g(r )5^r(0)r(r )&/^r&2 normalized by the particle
diameterd in Fig. 6. Herer is the particle density and th
sampling is taken in a rectangular 96d338.4d window cen-
tered in the geometrical center of the cell. It is clear to s
that with an increase of number density, the oscillations
g(r ) became more and more marked. Figure 6 clearly de
onstrates the transition from a gaslike state to a liquidl
state as the number density increases. With the injectio
continuous energy flux, particles behave as a correlated
and move like a liquid. Interestingly, contrary to the gasli
case, if we apply a strong external driving in the liquidlik
state, the temperature ratio can even surpass 1, i.e.,
lighter particles can gain higher temperature than the hea
ones in some local regions. We ascribe this to the fact tha
this region, the heavier particles have formed some clus
~dissipate more energy! while the lighter ones relatively stil
move freely. This will cause the heavier particles beco
cooler, and hence the temperature ratio increases fur
Therefore the sensitivity of external vibration on temperat
ratio in the dense system is quite different from that in t
dilute one.

Based on the present simulations and analyses, it se
valid that the independence of temperature ratios on the
erage number densityra can only appear in the range o
some dilute and moderate number densities under an exte
driving. In Feitosa and Menon’s experiment@13#, their mea-
surement was averaged over a rectangular region in the
this may smear out the details of a temperature ratio pro
which is more possibly not a plateau in the cell center
number density becomes higher.

Finally, we would like to point out that although ou
simulation results agree with Feitosa and Menon’s exp
ment qualitatively, there exist some difficulties to obtain

FIG. 6. The radial distribution functiong(r ) for total particle
numberN5100 (j), 300 (m), 500 (.), 1000 (n), 1200 (,),
and the number fractionx51/2. Other parameters aref 560 Hz and
G556g. The plots ofg(r ) have been shifted for the sake of clarit
and the dashed lines showg(r )51.
1-5
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WANG, JIN, AND MA PHYSICAL REVIEW E 68, 031301 ~2003!
precise numerical agreement between simulations and
experiment. The possible explanations are the followi
First, in our simulations the system is a strictly tw
dimensional~2D! one, while in Feitosa and Menon’s exper
ment the spheres are confined in a quasi-2D cage (32d high
348d wide 31.1d thick!. In a quasi-2D system, particle
move with higher freedom than in a strict 2D system. S
ond, in our simulations, we use a periodic boundary con
tion in the horizontal direction, while in the experiment pa
ticles can collide with four side walls. With the period
boundaries, the kinetic temperatures and number densitie
particles are homogeneous along the horizontal direction,
with fixed boundaries, the temperatures are lower and n
ber densities are higher in the vicinity of the boundaries th
in the bulk. Third, there are some other causes that m
influence the precise numerical comparisons between
simulations and the experiment. For example, in our simu
tions, we have not considered the deformation of partic
and the duration of collisions. Besides we do not know
experimental value of friction coefficients, while the tange
tial friction surely has an influence on the system@22#.

V. SUMMARY

We have systematically investigated the spatial distri
tions of densities and temperatures in a vertically vibra
binary granular mixture over broad ranges of parameters
using molecular dynamics simulations. Our numerical sim
lations include both translational and rotational kinetic en
gies, and show that both the translational and rotational t
perature ratios of two kinds of particles are similar in t
interior of the container, although the energy for two kinds
motion differ by an order of magnitude. The breakdown
energy equipartition among different species of a bin
granular mixture was verified, and the reasonable phys
discussions were given.
hy
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It has been found that as particles are confined in a vib
ing container and the average number density is not too h
a plateau of the temperature ratio of two components al
vertical direction is established in the interior of the syste
and is independent of the external driving frequency a
amplitude. The material properties of particles do influen
the temperature ratio, and particles which are heav
smaller, and more elastic, tend to gain a higher temperat
By tuning these material parameters separately, we h
found that the enhancement of the temperature differe
depends much more on mass differences than on size d
ences, and the influence of elasticity is also quite mark
The cross effect of these material properties will depend
the competitions among them. These results are quite con
tent with recent experimental and theoretical studies.

The insensitivity of the temperature ratio on average nu
ber density is verified in some moderate range, howeve
relatively high densities things become complicated. As
number density increases, a transition from a gaslike stat
a liquidlike state is observed and the temperature ratio
teau along the vertical direction is violated with a dent a
pearing in the center of the profile. At very high densities
strong momentum correlation is established and the temp
ture ratio approaches mass ratio of two species since
ticles move with roughly the same velocities. Furthermo
the correlation makes the binary mixture so complicated t
the lighter component could gain a higher temperature t
the heavier one in some conditions.
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@4# V. Garzóand J. Dufty, Phys. Rev. E60, 5706~1999!.
@5# J.M. Montanero and V. Garzo´, Granular Matter4, 17 ~2002!.
@6# A. Barrat and E. Trizac, Granular Matter4, 57 ~2002!.
@7# U.M.B. Marconi and A. Puglisi, Phys. Rev. E66, 011301

~2002!.
@8# D. Paolotti, C. Cattuto, U.M.B. Marconi, and A. Puglis

e-print cond-mat/0207601.
@9# S.R. Dahl, C.M. Hrenya, V. Garzo´, and J.W. Dufty, Phys. Rev

E 66, 041301~2002!.
@10# A. Barrat and E. Trizac, Phys. Rev. E66, 051303~2002!.
@11# W. Losert, D.G.W. Cooper, J. Delour, A. Kudrolli, and J.

Gollub, Chaos9, 682 ~1999!.
@12# R.D. Wildman and D.J. Parker, Phys. Rev. Lett.88, 064301
s. ~2002!.
@13# K. Feitosa and N. Menon, Phys. Rev. Lett.88, 198301~2002!.
@14# P.A. Martin and J. Piasecki, Europhys. Lett.46, 613 ~1999!.
@15# J.T. Jenkins and F. Mancini, J. Appl. Mech.54, 27 ~1987!;

Phys. Fluids A1, 2050~1989!.
@16# B. Amarson and J. Willits, Phys. Fluids10, 1324~1998!.
@17# J.B. Knight, H.M. Jaeger, and S.R. Nagel, Phys. Rev. Lett.70,

3728 ~1993!.
@18# O.R. Walton and R.L. Braun, J. Rheol.30, 949 ~1986!; O.R.

Walton, inParticulate Two Phase Flow, edited by M.C. Roco
~Butterworth-Heinemann, Boston, 1992!.

@19# C. Bizon, M.D. Shattuck, J.B. Swift, and Harry L. Swinne
Phys. Rev. E60, 4340~1999!.

@20# S. Luding, Phys. Rev. E52, 4442~1995!.
@21# M. Marin, D. Risso, and P. Cordero, J. Comput. Phys.109, 306

~1993!.
@22# A. Barrat and E. Trizac, Phys. Rev. E66, 051303~2002!.
1-6


